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CAN TORI ARISE IN A TWO-REGIONAL MODEL WITH
FIXED EXCHANGE RATES?##%*

A two-regional, five dimensional model describing the development of income, capital stock and
money stock, which was introduced by T. Asada in [1], is analysed. Sufficient conditions are found
for the existence of two pairs of purely imaginary eigenvalues and a fifth negative one for the linear
approximation matrix of the model. A theorem on the existence of invariant tori is presented.
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1. Introduction

In [2] T. Asada, T. Inaba and T. Misawa developed and studied a two regional model
of business cycles with fixed exchange rates, which consists of a five dimensional dis-
crete time system. In [1] T. Asada introduced and analysed a continuous time version of
this model, describing the dynamic interaction of two regions which are connected
through interregional trade and capital movement. Throughout the paper we adopt the
notation used in [1] with minor changes. The analysed model is of the form

Y, =a,(C,+1,+G,+J,-Y),a, >0,

K,‘ =I,’7 (1)
M,=pA, i=12,
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where:
C=c(Y-T)+Cy,,0<c <1,C, 20,

I=1Y-1,,0<7,<1,T, 20,
ol ol. ol,

]i:Ii(Yjv 191)_l>0_l<0_<0
oY, oK, or;
— (Y1), oL, -0, oL, <0,
; 0Y, or;
5=y, o, Hisg Hisy @)
oy, oy, = oE

leﬂ[rl_rz_EE_,E}ﬁ>0,

4 =J,+0,
0= pJ, + Ep,J,,
0=pQ +Ep,O,
M=M,+EM,,

and the subscript i, i = 1, 2, is the index of a region. The meanings of the symbols in
(1) and (2) are as follows — real regional income, K; — real physical capital stock,
M; — nominal money stock, L demand for money, C; — consumption, 7; — taxes, /; —
net real private investment expenditure on physical capital, G; - real government ex-
penditure (fixed), p; — price level, 7, — nominal rate of interest, £ — exchange rate, E° —
expected exchange rate, J; — current account balance (net exports) in real terms, Q; —
capital account in real terms (net capital inflow), 4; — total balance of payments in real
terms, ¢; — adjustment speed in goods market and S — degree of capital mobility.

As Asada in [1], in this paper we assume fixed price economy with fixed exchange
rates. Therefore normalizing the price levels in the two regions, we can suppose that
p1 = p> =1, E= E°. Furthermore we suppose that the nominal interest rate r;, i = 1, 2,
adjusts 1nstantane0usly to keep the money stock M; and demand for money ; in equ111b-
rium. Under these assumptions, taking into account (2) and supposing that r; is implicitly
determined by the relations M, = L.(Y;,r,), i=1, 2, model (1) takes the form

Y =ale(1-)Y + Ty + Co + G+ LG Ky (5, M) +J, (Y, Y5, E) =1,

K, =L(Y,K,n(Y, M),
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Yz:az{cz(l_fz)yz+02T02+C02+G2 3)

+I{Yz,&m{&%ﬂ—éﬁmn,m—Yz}

Kz _Iz(Yzszarz{YzyM ;.Ml Da

- M-M
Ml:JI(Y17Y2’E)+ﬁ|:7i(YlaM1)_rz(Yz, E IJ:|

In the whole article we suppose that:

1. Model (3) has a unique equilibrium point (Y,,K,, Y5y, K5q.M,,) with positive
coordinates for an arbitrary triple of positive parameters (¢;,,, ) .

2. All functions in model (3) are linear with respect to their variables, except the
functions /; and r,, i =1,2, which are nonlinear in Y, of type C® in a small neigh-

bourhood of the equilibrium point.

Remark 1. The analysis of the existence of an equilibrium for model (3) was per-
formed by Asada in [1]. The requirement on the functions in (3) to be of class C® with
respect to Y; enables the transformation of model (3) to its partial normal form on an
invariant surface and to use a theorem on the existence of tori (see e.g. [3]).

In [1] Asada found sufficient conditions for local stability of the equilibrium point.
The question of the existence of business cycles around the equilibrium is analysed in
[1]. In the present paper we are interested in the existence of tori in a small neigh-
bourhood of the equilibrium point. Tori can arise only in the case when the linear
approximation matrix of model (3) at the equilibrium point has two pairs of purely
imaginary eigenvalues. Model (3) is analysed in section 2. Theorem 1 gives sufficient
conditions for the existence of two pairs of purely imaginary eigenvalues with the
remaining one being negative. Theorem 2 comments on the existence of tori in a small
neighbourhood of the equilibrium point.

2. The analysis of model (3)

Let us write model (3) in the abbreviated form

5 = E(g;aUaZ’ﬂ))
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where ¢=(Y,K,,Y,,K,,M,). After translating the equilibrium point &=
(Y9, K9» Yag, K59, M) to the origin via the coordinate shift y =& —¢&;, model (3)
becomes

y=E(y+ a5, ).
Its Taylor expansion at y =0 gives

y=Alay,a,, By +Y(yvap,a,, ), 4)

where Y(y;a,,a,,8)=O(|| y|I*) and the linear approximation matrix A(a,,a,, /) is

G oG, oGy 0 aG;
F Gy, 0 0 Gis
Alay, a5, B)=| a,Gy, 0 a,Gy; a,Gyy  a,Gss |, ()

0 0 Fis Gy Gis
£5,(P) 0 F5(8) 0 Fs(p)

where:
ol, oI, or oJ,
Gy, == L l—¢(1 71)__1 s
0Y, on oY, oY,
ol
12 —L< O’
oK,
G13—% 0,
0%,
ol, or
15° A 0,
on OM,
ol, dal, on
F21:a_ P >
Y, 0n oY,
1w
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G33:%+%arz I-c, (1= Tz)+_ai
L or, oY, E oY,

o, oL oy
ov,  or ov,’

o
F5(B) = aY ﬂé_Yl

2

aoJ or.
F. =—1_p -2
5(F) ov, Por,

o 1 on
Fs(B) = ﬂ{@M Y; }<0,

while all the derivatives are evaluated at the equilibrium point &; .

Assumption 1. As in [1], we asume that the values of o (50) 61 2(S)
oY, oY,
sufficiently large that G;; >0 and G;; > 0 at the equilibrium point &; .

Assumption 2. The value of the parameter f can be considered arbitrarily large
compared with the values of the parameters ¢, and «,.

Remark 2. Assumption 1 is analogous to the standard hypothesis of the Kaldorian
model of business cycles [4]. This assumption automatically implies that F,, >0 and
F,; > 0 Assumption 2 also agrees with economic theory.

Definition. A triple (¢,,,0,,,/0,) of parameters ¢;, a, and £ in (4) is called
a critical triple of model (4) if the matrix A(a,y,a,,,) has eigenvalues 4,, =+iw,,

Aha=tiw,, i=-1, 4,<0.

The characteristic equation of A(¢,,a,, ) is

2 +alt +a, A+ a A +ad+as=0, (6)
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where:
a = a)(ay, @y, f) = —trace 4= —a Gy, — Gy, — 2,G3; — Gy — Fi5(f),
a, = a,(a,,a,, ) =sum of all the principal second-order minors of 4,

_ Gll G12 Gll Gl3 Gll 0

a, =aq 12, +a
F21 G12 G31 G33 0 G34
Gll GlS G12 0 Glz 0

+a, +a,
Fo(B) Fs(B) 7|0 Gyl |0 Gy
+ Glz GlS G33 G34 G33 G35 G34 G35
0 Fs(B) |Fs Gul |Fs(B) Fs(B) |0 Fs(B)

a, = a;(a,,a,, f) = — sum of all the principal third-order minors of 4,

G, G, Gy G, Gy
a;=—a|F G, 0|-a|F, G,
Gy 0 Gy 0 0 Gy

0
0

Gy G, Gis G, G; 0
—oy| Fy G, Gis |—am,|Gy Gy Gy
FSl(ﬂ) 0 FSS(ﬂ) 0 F43 G34
Gy, Gys Gis Gy, 0 Gis

—aa,| Gy, Gy, Gys |—ay| O Gy, Gys
Fq(B) Fu(B) Fs(B)|  [Fsi(B) 0 Fis(B)

G, 0 0 G, 0 Gis
-, 0 Gy Gyl—ay| 0 Gy, Gys
0 Fy Gy 0 Fu(B) Fis(B)

G, 0 Gis Gy Gy Gis
-0 Gy Gy |moy Fy Gy Gy,
0 0 FE(B |8 0 Fs(h)

a, = a,(a,,a,, ) = sum of all the principal fourth-order minors of 4,
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Gy, G, Gy 0 G, G, Gy Gis
a, = aa, £y Gy, O 0 L aa, By Gy 0 Gis
Gy 0 Gy Gy Gy, 0 Gy, Gss
0 0 Fy Gy F(B) 0 F(B) F55(P)
G, G, 0 Gis Gy Gis 0 Gis
ta B Gy, O Gis Loy, Gy, Gy Gy Gy
0 0 Gy Gy 0 Fy Gy Gy
(8 0 0 Fs(h) (B () 0 Fs(B)

G, 0 0 G5
0 Gy Gy Gss
0 Fy Gy Gy
0 B 0 Fs(p)

b

G, G, Gy 0 Gis
By G, 0 0 G
as = as(a,,0,, f) = —det A = —aa,| G, Gy Gy Gy

0
0 0 Fy Gy, Gss
0 FaB) 0 Fu(p)
= —a,0,G, G, Fss (PG, — F5 ) )(Gy; — Fi3) — G3Gy, 1.

On the basis of Assumption 2, we will arrange the coefficients of the characteristic
equation (6) as polynomials with respect to the parameter [, expressing only their
highest order terms explicitly. In these relations, we use the following notation:

oo L)
oM, E oM,

d, =-d\ (G|, +Gy) >0,

or,
d, =dG, +G;5—>0,
3T AT s oy

1

or.
d,=d Gy — Gys—=>0,
4= 4T T U oy

2
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d; =d\G,Gy, >0,
d¢ =d;Gy, —d\G,(Fy) =Gy,
d, =d\Gy,(Fy; —Gyy)—d, Gy,
dy =ds(F,, —Gy,) >0,

dy =ds(F; —Gy3) >0,
dyy = d\G, Gy [(Fy — Gy ) (Fy; — Gyy) — G365, 1> 0,

or or
G= _a_Yl[G15G34(F43 —G33) +G,G3G55] +8_YZ[G12G35(F21 = Gyy)+ G5G3,Gyy )
1

2
—d\[G,G55 (B — Gy + Gy Gy (Fi3 — Gi3) + G13G5, (G, + Gy,
G = di(d3d9 +d,dy +2.d,d,dyd, ) >0,

2

G(Z) - di(d3d9 + d4d8 -2 d3d4d8d9 ) >0,
2

or; or.
H =d\(G,,Gy; — G;3G3)) ——H(G3G35 — G5Gs3) +—2(G5Gy, - G Gs).
oY, 0%,

The coefficients a (e, 2,,8),j=1,2,3, 4,5, are given by the relations:
a(a,,, ) =d f+ fi(a),2,),
a)(a,,ay, B) =(d, —dyo, —d,o)) B+ [fr (e, 25),
as(a,,a,, B) = (ds + dga, —d,a, + Hoyyo,) B+ fi(, ), 7
a,(a,,ay, )= (dya, +dya, —Gaya,) B+ fi(ay,ay),
as(ay,,, ) = dyo,2, 3,

where f (a,ay), )= 1,2, 3, 4,5, are polynomials with respect to the parameters ¢, o,

of order not higher than two.
The following theorem gives sufficient conditions for the existence of a critical
triple of model (4).
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Theorem 1. If the inequalities
G13G3l < G11G339

d3 <@<d1(F43_G33)
dl(FZI _Gn) G34 d4

are satisfied and
G> dL(d3d9 +d,dg +24/d;d,dydy) ,
2

then there exist two critical triples (.0, 3,) of model (4).
Before the proof of Theorem 1, several lemmas will be introduced.

Lemma 1. Characteristic equation (6) has two pairs of purely imaginary
roots with the fifth one being negative if and only if the following relations are
satisfied

Al a >0,a,>0,a,>0,
A2 dal—4a, >0, (®)
A3 aa, =a,,
A4 aa,=as.
Proof. Denoting the roots of (6) as
A =io, A =—iwy, Ay =im,, A, =—iw,,i=~-1,5 <0
and comparing (6) with its equivalent form
A—io)A+io)(A—iw,)(A+iw,)(A—-)=0,
we get the assertion of lemma. m
Lemma 2. The equations A.3 and A.4 from (8) can be expressed in the form
A3 aay —ay=d\(d, ~dsa, ~dyoy) B + g (a1, 05, f) = 0 )
A4 aa,—as=d (d, +dya, - Goya,) B + g,(a;,a,, ) =0,
where for arbitrary fixed oy and a

gj(alﬂabﬂ)

im =0,;=12.
f—>0 ﬂz
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Proof- If we set aj(al,az,ﬁ) ,j=1,2,3,4,5, given by (7) into A.3 and A.4 in (8)

and arrange the resulting equations as polynomials with respect to £, we obtain asser-

tion (9). [
Consider the system of equations (10)—(11)

d,—dyo, —d,a, =0, (10)

dya, +dya, - Goyor, = 0. an

We are interested only in positive solutions ¢, . Therefore, G must be positive.
The first equation implies

a, = 4 —dyy ’ (12)
d,
which together with (11) means
dyat, +d, 4, —dy ~Ga, d-day | _
d, d,
So, we obtain the following quadratic equation
d,Gal +(d,dy — dydy — d,G)a, + dydy = 0. (13)
The roots are determined by the formula
(1,2) _bi\lbz_4ac
o, (14)
2a
where
a=d,G>0,b=d,d; —dyd, —d,G,c=d,d, > 0. (15)

The roots of (13) are positive if and only if b <0 and b* —4ac > 0. From (15) we
see that b <0 when

_ dydy—dsdy

2

G (16)

The inequality »* —4ac > 0 is satisfied if and only if
d;G* —2d,(dydy + d,dy)G + (dydy — d dg)* > 0.
Since G >0, this inequality is satisfied for

G € (0,G?) (G, ),
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where

G2 = dydy +d,dy £2,/dyd,dyd,

d,
Lemma 3. The system of equations (10)—(11)
a) has two positive solutions (al(l’z),aél’z)) for G e(G", ).
b) has one positive solution (al*,a;) for G=GW,
¢) has no positive solutions for G € (0,G?) .
Proof. Let G € (0,G?)YU(G", ). Then (13) has real roots al(l),al(z) with the
same sign. From (12) we obtain real values aél’z)

) Q)
@ _ 4 —da o _dy—da

a,) =—=——>qa -2 37 17
e ) a7
We have
m o _dy—de” dy—dia® _di —dyds (" + o) + die e
o, o, > . (18)
d, d, d
Since
oV ® = £ = 4
a d,G
and
oV 4 q® ==b - ddy = dady +d,G
a d;G
we have
d22 —d,d, dydy—d,d; +d,G +d32 d,d,
aél)aéﬁ - dS? d3G - d2d8 >0. (19)
d, d,G

Which means that both values have the same sign. So, consider

1 2 1 2
a4 aq® = d, —dyar” " d, —dyor! _2d, -di ()" +a”)
2 2
d, d, d,

dydy —d dg + d,G
d,G _dydy—did, +d,G
d, d,G '

2d, —d,
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Both values o", a!? are positive if and only if

d,dy—dydy+d,G>0. (20)
Conditions (16) and (20) are satisfied if and only if
d,G>|d,dy —d,d,|. (21)
If

dydy +dydy +2\[diddidy _ dydy +dyd,
d, d,

G=G" =

2

then (21) is satisfied and all four values al(}iz) are positive. If 0 < G < G?, then

G < Bodo +dudy — 2dydydydy _ | \Jdydy —Jd,dy |
< 7 :

d,
Since
|\/@‘\/Kdg|2 < |\/d3d9 _\/d4d8 ||\/d3d9 +\/d4d8 | _|dydy —d,ds |
d, d, dy
(21) is not satisfied and thus either al(l) <0, al(z) <0 or aél) <0, af) <0. O

Lemma 4. For any G € (G",0) there exists Bs >0 such that for any B> f;

there are two positive solutions (o)), al)), i=1,2, of system (9).
. . 1
Proof- Instead of f we will consider y = E Set

2

1
(d, —dse, —d4az>+fl—g1<al,az,;) for 7 #0

(p(al’a297/): 1
(dy,—dya,—d,a,) fory=0.
y? 1
V(e a,y)= (a’gal+d9a2—Ga1a2)+71g2(a1,a2,;) for y #0

(dgo, +dya, —Gayar,) fory=0.

The functions @ and ¥ are polynomials in ¢, «, and y. System (9) is equi-
valent to the system
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@(a19a297)20
¥(oy,2,,7)=0. (22)

For y=0 we obtain the system (10)—(11), which has two positive solutions

(a,a!”) for any G e(G",0). Let ¢, and a, satisfy (10)—(11). Consider the Ja-
cobian

od od
a(apaz,o) 5(0‘1,0‘2,0)

1 2 _ —-dy, -d,
oY oY dy—Ga,, dy—Ga,
a_(alaaZ 90) _(a19a2 90)

o, oa,

=d,dy —dyd, + G(dyo, —da,) = d,dg — dydy + G(2dya, — d,y).
The Jacobian is zero only for

_dydy—d,dg+Gd, _—b
2d,G 2a°

(241

The Jacobian is nonzero at both points (af”,aé”) . System (22) has two solutions
for y sufficiently close to 0. mi

Remark 3. For G =G we have one positive solution, because a'" =a® and
oV = o’ . However, the Jacobian is zero and hence the Implicit Function Theorem
cannot be used.

Lemma 5. If the inequalities

d3 < ﬁ < dl (F43 — G33) (23)
dl(FZI - Gll) G34 d4
G13G31 < G11G33 (24)

are satisfied, then a,(a,,,,[) from (7) is positive for an arbitrary pair (o,,a,) of
parameters &, , o, and sufficiently large parameter [.

Proof. The coefficient a;(a,,a,, ) is given by the relation
as(ay, a5, f) = (ds + dgoy —dq0, + Hoyey) f + f3(ay, ),

where:
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ds = dyGyy —d,G,(Fy — Gyy),
d; = d\Gyy(Fj; — Gy3) —d,Gyy,

or, or
H= dl (G11G33 - G13G31) __1(G13G35 - G15G33) +_2((;15(;31 - G11G35)-
oY, 07,
According to (23) d, is positive, d; negative and according to (24) H is positive.
Therefore, a,(e,,a,, ) is positive for an arbitrary pair of values (¢;,a,) of parame-
ters «,, a, and sufficiently large value of parameter f. i

Proof of Theorem 1. Lemma 4 guarantees the existence of two triples
(a”,al’,p) of parameters «,, a, and S, which satisfy conditions A.3 and A.4
from Lemma 1. The condition a,(a”,a!”,f)> 0 is satisfied for sufficiently large f.
Lemma 5 guarantees the positiveness of a, (a,al”, p) for sufficiently large B . As
a(a,a”,$)>0, ay(a”,a’,$)>0 and a,(a”,al”,$)>0 then from A.3 and
A.4 the positiveness of a,(a”,al’, ) and a,(a”,a!”,B) follows for sufficiently
large S . In this way, the condition A.1 in Lemma 1 is satisfied. It is clear that condi-
tion A.2 is also satisfied for sufficiently large S. Therefore, there exist two critical
triples (o), @Sy, B,) > i = 1,2, of model (3). O

Now take an arbitrary critical triple (¢ ,a,,,) of model (4), fix £, and inves-
tigate model (4) with respect to parameters ¢, and «,, which are connected by
a, = k(a, —a,y) + a,,, where k 1is a real constant and o, € (o), — 9, + ) , where
0>0. After shifting the critical values ¢,,,a,, to the origin by the translation
a =a,—a, d,=0a,—a,, denoting &£=¢, and performing a linear mapping
vy =Tx , which transforms the matrix A(e,,,,,,/0,) into its Jordan form, model (4)
takes the form

x=J+X(x,¢&,x), (25)

where x = (x,X,,X3,X,,X5) , X, =X, X4, = X5,

4 0 0 0 0 X,
04 0 0 0 X,

J={0 0 A4 0 0| X=|X,|, X,=X1, X,=X3,
0 0 0 4 0 X,
0 0 0 0 A X,
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and the sign “ " denotes the complex conjugate.

On the basis of Lemma 1 in [4, pp. 22-23], we can formulate the following
lemma.

Lemma 6. If p,@, + p,w, #0 for 0<|p,|+|p, <5, p;,p, €Z, then there exists
a transformation

X;=u, +hj(u1,u2,u3,u4,$, x),j=1,2,3,4,5,
(26)

4-2m

_ (ml,mz,m3,m4,m) my o ms M3 My g
h, = Z ¢; u uy tusCu, e,
my+my +msy+my+m =2

me{0,1}

which transforms model (25) into the form
iy = Aty + & (K& + i, + ity

0 *
+ U, (U, Uy, Uy, 1y, Us,8,K) + U, (U, uy,U5,U,,Us,8,K) ,

. 2
Uy = Aty + & (K)uy& + Mgy + Jouyusity

0 *
+ U, (U, Uy, Uy, 1y, Us, 8,K) + U, (U, Uy, U5, Uy, Us, 6,K)

Uy = Ayuy + G (K)uzé + 773”32”4 + X3usu i, 27

0 *
+ U5 (U, Uy, Uy, 1y, Us, 8,K) + Uy (U, Uy, U5, Uy, Us, 6,K)

. 2
Uy = Ay + Gy (K Uy +myusuy + y uquu,

0 *
+U 4 Uy, Uy, Uy Uy Us, 8,K) + Uy (U, uy Uy, 1y,Us,E,K),

P 0 %
us = Asus +Us (uy,uy, uy,uy,us,8,K) + Us (), 1y, Uy, Uy, Us, E,K)

where A; are the eigenvalues of J, u, =u_1, Uy =u_3, U?(ul,u2,u3,u4,0,g,1()=0,
U;(\/Eul,\/Euz,\/zu3,\/;u4,\/;u5,g,ic) =(\/E)Slj/.(ul,uz,u3,u4,u5,5,lc),j= 1,2,3,4,5.
In polar coordinates

R T N N
u,=pe Lu,=pe u =pe T u,=pe Cus =V,

model (27) is of the form
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o) =p1(a11p12 +a12p22 +q18)+R10(p1,191,p2,192,v,8) +Rl*(p1"91’p2"92’v’8)5

o =p2(a21p12 +azzp22 +(I28)+Rg(p1,191,/32,192,\’,8) +R;(p1,191,p2,192,v,8),

. 1 %
4= +b”p12 +b12p22+S1$+—[®?(pl,191,p2,192,v,$) +0,(0,9, 0, %,v,6)],  (28)

1

A 1 *
4 =, +b21p12 +b22p22 +525+_[®g(p17191vp2»‘92:":5) +0,(0,%,0,,%,v,6)],
p)

Vv=Av+V (0,9, 0y % v, ) +V (01,9, Prr SV, E),

where a;, =Rern,, a,=Rey,, a,,=Rey;, a,,=Ren,, q,=Red,, g, =Red;,
b,=Imn,, b,=Imy, b,=Imy,, b,=Imn,, s,=Img,, s,=Imd; and the

functions with superscripts “0” and “*” have analogous properties to the functions
with such superscripts in model (27).
The equation
Bp’+£q=0, (29)

where

B- [all al2} pz _ (Pi} g= (‘1] J
a dp y2) 9>

is the bifurcation equation of model (28). Suppose that det B # 0. Denote the solution

of (29) as
W

p=| % (Wi | apww, ‘
UMW, dy (W,

From Theorem 1 in [4, p. 25], we can formulate the following Theorem.

and consider the matrix

Theorem 2. Suppose that the coordinates w, and w, have the same sign. If the
eigenvalues of matrix P are not purely imaginary, then model (28) has an invariant
torus for every € € (0,&,), —if w, >0, and for every & € (—¢,,0), if w, <0, where g, is
sufficiently small. The torus is given by the equations
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P1 =AM "‘\l|¢93 | /1(8,9,€),
P2 =AW, +4/] & | /,(8,8,,¢),
V= |€5|g(191,192,€)

where f;, f, and g are continuous functions with respect to 4, &, and & for ar-
bitrary 4, 4, and € €(0,¢,), resp. ¢ € (=¢,,0), and 27-periodic in 4, 4, .
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Czy torusy mog3 si¢ pojawia¢ w modelu dwuregionalnym
przy ustalonej stopie wymiany?

W artykule omowiono dwuregionalny model wprowadzony przez T. Asada [1], opisujacy dynamicz-
ne wzajemne oddziatywanie dwoch regionow potaczonych poprzez migdzyregionalny handel i przeptyw
kapitatu. Model pokazuje rozwoj dochodu, akcji kapitatowych i akcji pieni¢znych w rozwazanych regio-
nach. T. Asada [1] dokonat analizy istnienia punktu rownowagi dla modelu, znalazt warunki wystarczaja-
ce dla jego lokalnej stabilnosci, a takze przeanalizowal problem istnienia cykli biznesowych wokot
punktu réwnowagi. Poniewaz badanym modelem jest pigciowymiarowy dynamiczny system, problem
istnienia torusa wokot punktu rownowagi jest uzasadniona. Artykut daje odpowiedz na to pytanie. Torusy
moga pojawiac si¢ tylko w przypadku, kiedy macierz aproksymacji liniowej modelu w punkcie rownowa-
gi ma dwie pary czysto urojonych wartosci wiasnych. Twierdzenie 1 daje wystarczajace warunki istnienia
dwoch par czysto urojonych warto$ci whasnych z pozostata jedna wartoscia ujemna. Twierdzenie 2 sta-
nowi komentarz istnienia torusow w bliskim sasiedztwie punktu rownowagi. Model rozwazany w arty-
kule moze by¢ zastosowany do analizy dynamicznego wzajemnego oddzialywania dwoch krajow w ob-
szarze strefy Euro.

Stowa kluczowe: model dynamiczny, rownowaga, macierz przyblizenia liniowego, wartosci wlasne macierzy,
normalna forma rownan rézniczkowych na niezmienniczej powierzchni, rownania bifurkacyjne, torus




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [481.890 680.315]
>> setpagedevice




