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This paper deals with the research area of cooperative interval games arising from airport situations
with interval data. The major topic of the paper is to present and identify the interval Baker–Thompson
rule.
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1. Introduction

In the literature much attention has been paid to airport situations and related
games. We refer here to Littlechild and Owen (1973), Littlechild and Thompson
(1977) and Driessen (1988). In the sequel we summarize the classical airport situa-
tion, the classical airport cost game and the Baker–Thompson rule. Consider the air-
craft fee problem of an airport with one runway. Suppose that the planes which are to
land are classified into m types. For each mj ≤≤1 , denote the set of landings of type

j planes by Nj and its cardinality by nj. Then j
m
j

NN ∪ =1
=  represents the set of all

landings. Let cj represent the cost of a runway adequate for planes of type j. We as-
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sume that the types are ordered such that mccc <<<= ...0 10 . We consider a runway
divided into m consecutive pieces Pj, mj ≤≤1 , where P1 is adequate for landings of
type 1 planes; P1 and P2 together for landings of type 2 planes, and so on. The cost of
piece Pj, mj ≤≤1 , is the marginal cost 1−− jj cc . The economists Baker (1965) and
Thompson (1971) proposed an appealing rule now called the Baker–Thompson rule,

given by [ ] )( 1

1

1 −

−

= =
−=∑ ∑ kk

j

k

m

kr ri ccnβ  whenever jNi∈ . That is, every landing

of a type j plane contributes to the cost of piece Pk, jk ≤≤1 , equally allocated among
its users r

m
kr N=∪ . We denote the marginal costs 1−− kk cc  by tk, mk ≤≤1 . The classi-

cal airport TU game 〉〈 cN ,  is given by },1|max{)( φ≠∩≤≤= kk NSmkcSc  for all
NS ⊂ . It is well known that airport games are concave and the Shapley value

(Shapley (1953)) of a concave game belongs to the core of the game. A game 〉〈 cN ,
is called concave (or submodular) if and only if )()()()( TcScTScTSc +≤∩+∪  for
all NTS 2, ∈ . Littlechild and Owen (1973) showed that for this game the Shapley
value agrees with the Baker–Thompson rule.

In this paper we consider airport situations where the costs of pieces of the runway
are given by intervals. Then, we associate an interval cost game with such a situation
as in the classical case and extend the results presented above to airport interval
games. The rest of the paper is organized as follows. In Section 2 we recall basic no-
tions and facts from interval calculus, together with the theory of cooperative interval
games. Section 3 is devoted to the interval Baker–Thompson rule and airport interval
games. In Section 4 we define concave interval games and give some results related to
airport interval games. We conclude in Section 5 with some final remarks.

2. Preliminaries

We start with some preliminaries from interval calculus (Alparslan Gök, Branzei
and Tijs (2008a)). We denote by I(R) the set of all closed and bounded intervals in R,
and by I(R)N the set of all n-dimensional vectors with elements in I(R).

Let )(, RIJI ∈  with ],[ III = , ],[ JJI = , III −=||  and +∈ Rα . Then,
],[ JIJIJI ++=+ ; ],[ III ααα = . The partial subtraction operator, I – J, is de-

fined, only if |I |  ≥ |J | , by ],[ JIJIJI −−=− . We say that I is weakly better than J,
which we denote by JIf , if and only if JI ≥  and JI ≥ . We also use the reverse
notation IJp  instead of JIf .
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Now, we give some basic definitions and useful results for cooperative interval
games (Alparslan Gök, Miquel and Tijs (2009), Alparslan Gök, Branzei and Tijs
(2008b)). An interval game is given by an ordered pair 〈N, w〉, where N = {1, 2, ..., n}
is the set of players and )(2: RIw N →  is the characteristic function, such that

]0,0[)( =φw . For each S ∈ 2N, the worth set (or worth interval) w(S) of the coalition S
in the interval game 〈N, w〉 is of the form )](),([ SwSw , where )(Sw  is the minimal
reward which coalition S could receive on its own and )(Sw  is the maximal reward
which coalition S could get. The family of all interval games with player set N is de-
noted by IGN. Some classical cooperative games associated with an interval game
〈N, w〉 play a key role in the theory of cooperative interval games, namely border
games 〉〈 wN , , 〉〈 wN , , and the length game 〉〈 ||, wN , where )()()(|| SwSwSw −=
for each S ∈ 2N

Let 〈N, w1〉 and 〈N, w2〉, be interval games. We say that 21 ww p  if )()( 21 SwSw p

for each S ∈ 2N. We define 〈N, w1 + w2〉 by (w1 + w2)(S) = w1(S) + w2(S) for each
S ∈ 2N. For 〈N, w1〉 and 〈N, w2〉 where |w1(S)| ≥ |w2(S)| for each S ∈ 2N, 〈N, w1 – w2〉 is
defined by (w1 – w2)(S) = w1(S) – w2(S). Given 〈N, w〉 and λ ∈ R+, we define 〈N, λw〉
by (λw)(S) = λw(S) for each S ∈ 2N. So, we conclude that IGN endowed with p  is
a partially ordered set and has a conic structure with respect to addition and multipli-
cation by non-negative scalars as described above.

An interval solution concept ℑ  on IGN is a map assigning to each interval game
w ∈ IGN a set of n-dimensional vectors whose components belong to I(R). We note
that the payoff vectors x = (x1, x2, ..., xn) ∈ Rn from classical cooperative TU game
theory are replaced by n-dimensional vectors (I1, I2, ..., In) ∈ I(R)N. We denote by
I(R+) the set of all closed and bounded intervals in R+. Let I ∈ I(R+), T ∈ 2N \{φ}, and
let Ru N

T →∗ 2:  be the classical dual unanimity game based on T. Recall that ∗
Tu  is

defined by

⎩
⎨
⎧ ≠∩

=∗

,otherwise,0
,1

)(
φST

SuT

and the Shapley value )( ∗
Tuφ  is given by

⎩
⎨
⎧

∈
∈

=∗

.\,0
,/1

)(
TNi

TiT
uTφ

The interval game 〉〈 ∗
TIuN ,  defined by ISuSIu TT )())(( ∗∗ =  for each S ∈ 2N will play

an important role in this paper. We notice that )( ∗
TIuΦ  for the interval game 〉〈 ∗

TIuN ,  is
related to the Shapley value )( ∗

Tuφ  of the classical game 〉〈 ∗
TuN ,  as follows:
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⎩
⎨
⎧

∈
∈

== ∗∗

.\],0,0[
|,|/1

)()(
TNi

TiT
IuIuΦ TT φ (1)

The interval Shapley value is defined on IGN by additivity and (1).

3. The interval Baker–Thompson rule and airport interval games

Consider the aircraft fee problem of an airport with one runway. Suppose that the
planes which are to land are classified into m types. For each mj ≤≤1 , denote the set
of landings of type j planes by Nj and its cardinality by nj. Then j

m
j NN 1=∪=  repre-

sents the set of all landings. Suppose the runway is divided into m consecutive pieces
Pj, mj ≤≤1 , where P1 is sufficient for landings of type 1 planes; P1 and P2 together
for landings of type 2 planes, and so on. Let the interval Tj with non-negative finite
bounds represent the interval cost of piece Pj, mj ≤≤1 .

Next, we propose an interval cost allocation rule β, which we call the interval
Baker–Thompson rule. For a given airport interval situation ))(,( ...,,1 mkkTN =  the
Baker–Thompson allocation for each player i ∈ Nj is given by:

.
1

1
k

j

k

m

kr
ri Tn

−

= =
∑ ∑ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=β (2)

Note that the users of piece Pk of the runway are r
m

kr N=∪ , i.e. there are ∑ =

m

kr rn

users. So, ( ) k
m

kr r Tn
1−

=∑  is the equal costs share of each user for piece Pk. This means

that player i. i ∈ Nj contributes to the cost of the pieces P1, ..., Pj. The characteristic
cost function d of the airport interval game 〈N, d〉 is given by ]0,0[)( =φd  and

∑
=

=
j

k
kTSd

1

)(  for all coalitions NS ⊂  satisfying φ≠∩ jNS  and φ=∩ kNS  for all

mkj ≤≤+1  (since such a coalition S only needs pieces Pk, jk ≤≤1  of the runway).
Now we give the description of the airport interval game as follows:

.
1

∗
∪= =

∑= r
m

kr N

m

k kuTd (3)

In the following proposition we show that the interval Baker–Thompson allocation
for the airport situation with interval data coincides with the interval Shapley value of
the corresponding airport interval game.
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Proposition 3.1. Let 〈N, d〉 be an airport interval game. The interval Baker–
Thompson allocation β of (2) agrees with the interval Shapley value )(dΦ .

Proof: For i ∈ Nj we have

,)()(
1

1
11

ik
j

k

m

kr
rNk

m

k
i

m

k
Nkii TnuTΦuTΦdΦ

r
m

krr
m

kr
β=⎟⎟

⎠

⎞
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⎛
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=

−

=
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==
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==

where the equalities follow from (3), the additivity of the interval Shapley value Φ,
(1) and (2), respectively.

□

Note that if we consider the special case N1 = {1}, N2 = {2}, ..., Nn = {n}, then

.
1

...
1

...,,
1

, 21211 ⎟
⎠
⎞

⎜
⎝
⎛ ++

−
+

−
+= nT

n
T

n
T

n
T

n
T

n
Tβ  Here, each piece of the runway is com-

pletely paid for by its users and all the users of the same piece contribute equally.

Example 3.1. Let 〈N, d〉 be the three-person airport interval game corresponding
to the interval costs T1 = [30, 45], T2 = [20, 40] and T3 = [100, 120]. Then, d(φ) =
[0, 0], d(1) = [30, 45], d(2) = d(1, 2) = [50, 85] and d(3) = d(1, 3) = d(2, 3) = d(N) =
[150, 205].

Note that ∗∗∗ ++= }3{}3,2{}3,2,1{ ]120,100[]40,20[]45,30[ uuud  and Φ(d) = ([10, 15],
[20, 35], [120, 155]).

Notice also that

.]120,100)[1,0,0(]40,20[
2
1,

2
1,0]45,30[

3
1,

3
1,

3
1

)()()()( }3{3}3,2{2}3,2,1{1

3

1
3

β=+⎟
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⎛
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=

∗
∪∑

=
uTΦuTΦuTΦuTΦdΦ

k
Nk

rkr

Now, we focus on the interval core membership for the interval Baker–Thompson
allocation. Let 〈N, d〉 be an interval cost game. The interval core C(d) is defined by

.}{\2),(),()()...,,()( 1
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈∀=∈= ∑ ∑
∈ ∈

φN

Ni Si
ii

N
n SSdINdIRIIIdC p

The interval core consists of those interval payoff vectors which assure the distri-
bution of the uncertain cost of the grand coalition, d(N), such that each coalition of
players S can expect a weakly better interval cost, ∑

∈Si
iI , than what that group can

expect on its own, implying that no coalition has any incentives to split. We refer to
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)(NdI
Ni

i =∑
∈

 as the efficiency condition and to )(SdI
Si

ip∑
∈

, }{\2 φNS∈ , as the

stability conditions of the interval payoff vectors.

Proposition 3.2. Let ))(,( ...,,1 mkkTN =  be an airport situation with interval data and
〈N, d〉 be the related airport interval game. The interval Baker–Thompson rule applied
to this airport situation provides an allocation which belongs to C(d).

Proof:1 From Proposition 3.1 the Baker–Thompson allocation is efficient. We
need only to check the stability conditions for the interval Baker–Thompson alloca-
tion. Consider the airport interval game 〈N, d〉 and any coalition φ≠⊂ SNS , . Set

∑
=

=
j

r
rTSd

1

)( , that is to say φ≠∩ JNS  and φ=∩ pNS  for all mpj ≤< . It follows

that for kNi∈ , ∑
= ++

=
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r
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Note that mrjr
j

rk k nnnnNS ++≤++≤∩∑ =
...... . From this, we conclude that

)(
1

SdT
j

r r
Si

i =∑∑ =
∈

pβ  by taking care of the ordering of intervals via their lower and

upper bounds.
□

4. Concave interval games and related results

We say that an interval game 〈N, d〉  is submodular if, for all NTS 2, ∈ ,

)()()()( TSdTSdTdSd ∩+∪+ f .

In other words, an interval game 〈N, d〉 is submodular if and only if its border
TU-games 〉〈 dN ,  and 〉〈 dN ,  are concave. We say that an interval game 〈N, d〉 is
concave if it is submodular and its length game 〈N, |d|〉 is concave. Since
                                                     

1 This direct proof was provided by one of the anonymous referees; the authors’ original proof can be
found in Section 4.



Airport interval games ... 15

|| ddd += , the concavity conditions for 〉〈 dN ,  and 〈N, |d|〉 are sufficient to ensure
the concavity of the underlying interval game 〈N, d〉. We claim the airport interval
game to be concave.

Proposition 4.1. Let 〈N, d〉 be an airport interval game. 〈N, d〉 is concave.

Proof: It is well known that non-negative multiples of classical dual unanimity

games are concave (or submodular). From (3) it follows that ∗

=
∑= mk

m

k
kuTd ,

1

 and

∗
=∑= mk

m

k k uTd ,1
||  are concave, because 0≥kT  and 0|| ≥kT  for each k, implying that

〈N, d〉 is concave.
□

Note that the interval game 〈N, d〉 in Example 3.1 is concave from Proposition 4.1.
The next proposition provides additional characterizations of concave interval games.

Proposition 4.2. Let NIGd ∈  be such that NGd ∈  is submodular. The following
three assertions are equivalent:

(i) NIGd ∈  is concave;
(ii) For all NUSS 2,, 21 ∈  with UNSS \21 ⊂⊂  we have

);()()()( 2211 SdUSdSdUSd −∪−∪ f

(iii) For all NSS 2, 21 ∈  and Ni∈  such that i}{\21 NSS ⊂⊂  we have

).(}){()(}){( 2211 SdiSdSdiSd −∪−∪ f

Proof: To prove )()( iii ⇒ , )()( iiiii ⇒ , )()( iiii ⇒ , we simply replace the ine-
quality sign p  in the Proof of Theorem 3.1 in Alparslan Gök, Branzei and Tijs
(2008b) by the inequality sign f .

An alternative proof of the stability of the interval Baker–Thompson allocation
is based on the concavity of the airport interval game and the stability of its interval
marginal contribution vectors over the set of all permutations )(NΠ∈σ . We recall
that the interval marginal vector of w with respect to σ, mσ(w), corresponds to
a situation where the players enter a room one by one in the order ),1(σ

)(...,),2( nσσ  and each player is given the marginal contribution he/she creates
by entering. We denote the set of predecessors of i in σ by =)(iPσ

)}()(|{ 11 irNr −− <∈ σσ , where σ–1(i) denotes the entrance number of player i and
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define ))((}){)(()( iPwiiPwwmi σσ
σ −∪=  for each Ni∈ . For concave interval

games, all the interval vectors mσ(w) are defined and their average equals the inter-
val Shapley value of the game. The following table shows the interval marginal
vectors of the game in Example 3.1, where the rows correspond to orderings of
players and the columns correspond to players.

321
312
231
213
132
123

.

]205,150[]0,0[]0,0[
]205,150[]0,0[]0,0[
]120,100[]85,50[]0,0[
]120,100[]85,50[]0,0[
]160,120[]0,0[]45,30[
]120,100[]40,20[]45,30[

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

Proof of Proposition 3.2: First, from Proposition 4.1 the airport game 〈N, d〉 is
concave. We prove that )()( dCdm ∈σ  for all )(NΠ∈σ . Let )(NΠ∈σ  and take
mσ(w). Clearly, we have )()( Nddm

Nk
k =∑

∈

σ . To prove that )()( dCdm ∈σ , we have to

show that for NS 2∈ , )()( Sddm
Sk

k p∑
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kiii <<< ...21 . Then,

),()(

)))1(),...,2(),1(())(),...,2(),1(((

))1(),...,1(())(),...,1((

)))(),...,(),(())(),...,(),(((

)())(()(

1
)(

2

11

2
12121

1

dmdm

idid

idid

iiidiiid

didSd

Sk
k

k

r
i

k

r
rr

k

r
rr

r ∑∑

∑

∑

∈=

=

=
−

==

−−+

−−

−+

−=

σσ
σ

σσσσσσ

σσσσ

σσσσσσ

φσ

f

where the inequality follows from Proposition 4.2 (iii) applied to )( rii σ=  and
)}1(),...,2(),1({)}(),...,(),({ 21211 −=⊂= − rr iSiiiS σσσσσσ  for }...,,2,1{ kr∈ .

Furthermore, since the interval Shapley value of d is the average of all the mar-
ginal interval vectors of d and from the convexity of C(d), we obtain )()( dCdΦ ∈ .
Now we apply Proposition 3.1.

□
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5. Final remarks

In this paper we studied airport situations with interval data and related games. We
notice that the interval Baker–Thompson rule is useful at an ex ante stage to inform
users about what they can expect to pay, between two bounds, for the construction of
the runway. At an ex post stage when all the costs are known with certainty, the clas-
sical Baker–Thompson rule can be applied to derive the effective costs iix β∈  for
each Ni∈ , such that ∑

∈Ni
ix  equals the realization )](),([~ NdNdd ∈ . To the best of

our knowledge, no axiomatic characterization for the classical Baker–Thompson rule
exists in the literature. It remains as a topic for further research to try to find an axio-
matic characterization for the interval Baker–Thompson rule.

Other economic and operations research problems with interval data and related
interval games have also been studied, such as bankruptcy situations (Branzei and
Alparslan Gök (2008)), sequencing situations (Alparslan Gök et al. (2008)) and
minimum cost spanning tree situations (Montemanni (2006) and Moretti et al.
(2008)). We notice that other OR situations and combinatorial optimization problems
with interval data, including flow problems, linear production problems and holding
problems, might also give rise to interesting interval games.

An interesting topic for further research could be to relate airport interval games
and concave interval games with their corresponding set games (Sun (2003)). Re-
call that a set game is a triple ),,( UvN , where N is a finite set of players, U deno-
tes an abstract set, called universe, and v is a mapping UNv 22: → . By choosing the
universe U = R, the worth interval w(S) of any coalition S in any interval game
〈N, w〉 may be interpreted as a subset of U, implying that cooperative interval
games form a special subclass of cooperative set games. In our opinion, no over-
laps between these two theories exist mainly because the role of the (weakly)
better than operator to compare intervals is played by the inclusion operator in set
game theory.
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Lotniskowe gry przedziałowe i ich wartość Shapleya

Praca dotyczy gier kooperacyjnych opisujących sytuacje występujące na lotniskach, gdzie dane są
przedziałowe. Głównym celem pracy jest przedstawienie i identyfikacja przedziałowych zasad Bakera–
Thompsona, służących do rozwiązywania problemu opłat lotniskowych dla samolotów lądujących na
lotniskach z jednym pasem startowym, gdzie koszt użycia pasa startowego jest nieustalony. Dla takich
gier lotniskowych podany jest dowód zgodności pomiędzy alokacją przedziałową Bakera–Thompsona
a wartością Shapleya. Pokazano, że zasady przedziałowe Bakera–Thompsona zastosowane do dowolnej
sytuacji lotniskowej z danymi przedziałowymi prowadzą do alokacji, należącej do przedziałowego jądra
odpowiedniej przedziałowej gry lotniskowej. Zdefiniowano oraz podano niektóre charakterystyki takich
wklęsłych gier przedziałowych. Dowiedziono wklęsłości lotniskowych gier przedziałowych oraz użyto tej
właściwości do alternatywnego dowodu stabilności przedziałowej alokacji Bakera–Thompsona.

Słowa kluczowe: kooperatywne gry przedziałowe, gry wklęsłe, gry lotniskowe, gry kosztowe, dane przedziałowe
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