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Some comments on angle characteristic 
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It is well known that the characteristic function is often used in analysis and design 
of optical systems. This paper considers the angle characteristic of curved holo­
graphic element that has been described in [1]. If P(x,ytz) is the point of intersection 
of the incident ray with the holographic surface, then, according to equation (7) in 
[1], the angle characteristic is given as

T  =  IxPc+ y<lc+ (z~  zc)mc l “  O P j +  y<h +  (z ~  zi)mi]  (1)

where (pc,<2c,mc) and (pj, qI} m7) are direction cosines of the incident and diffracted 
rays, respectively. Using the same notation as in paper [1], the grating equation may 
be written in the form

nx(rI- r l) =  0 (2)

where:

rt =  rc + —(iq —,rÄ) +  r/r, F =  cosa7—cosac —— (cosa0 —cosajj).
Aft An

The vector

ri = rc + y i r o - * j
Ao

is a vector describing the direction of an actual ray diffracted at the point P(x, y, z) of 
holographic element, whereas rt is the unit vector of the corresponding paraxial 
image ray. The grating equation (2) is equivalent to the assertion that the vector 
(ij — j;) is normal to the surface of the optical element at P and may be defined by 
specifying its projections on the coordinate axes: Pj—Pi, qt — qit m7 — ml.

The coordinates (x,y,z) of a current point of the diffracting surface may be 
eliminated from Eq. (1) with the help of the grating equation [2]. Calculating the 
partial derivatives of the speherical function

F(x,yt z) =  z -
x2 +  y2

2 R
(x2 +  y2)2 

8 R3 ( 3)

we can obtain the the coordinates in the form:
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X  sss — R ——— +Ax> 
m l — m l

y = - R5lZ*L +  Av (4)
m l - m i

where Ax and Ay are quantities of the third order in p, q, x/R, y/R. The ray 
components are defined by the angles which the ray vector makes with the 
coordinate axes:

p =  cosa, q =  cos/?, m =  cosy

where

m = y / l - p 2- q 2. (5)

To express the third coordinate in terms of the ray components, we have to 
substitute (4) into (3). Then we have

« [ ( f t - r ,  )2 +  (g ,-·? ·)2] * [ ( ? ,—P .f  +  f a - g i ) 2] 2
2(mf —mj2

+ h z l L i x +
m I — m l m I — m i

A y . (6)

To find the expression of angle characteristic T, we substitute from (4) and (6) into (1), 
and the contributions involving Ax and Ay are seen to be of order higher than the 
third one and may be neglected. But the paraxial ray components fulfil the 
conditions of the object ray components, because in this case: pc =  pR, qc =  qR and 
Pi — Po· Qi =  Qo’ We then have R =  T(pIt qlt m,; pt, qt, m() as a function of the six ray 
components

2~|2
T =  m ^ -m o Z Q - Rl(Po-pd2H q 0- q n  , Rl(Po-PÙ2+(q0 - q ù 2]

2(m0 -m;) 8 (m0 — mj3 ( 7)

In the above expression of the angle characteristic two of the six components may be 
eliminated by using Eq. (5) in expansion form

mo =  l-^ (P o  +  9o)-^(Po +  9o)2,

m, «  1—|(p f  +  qf) -  +  i f ) 2. (8)

On substitution from (8), Eq. (7) becomes

z.* -  zo + y (P o  +  qo) ~  ̂ (P? +  q f r -
RUPo-pù2+ (qo-qù 2] 

(p î+ q f ) - (p o + q o )

+  j ( p 2o +  q2o)2 +  %(pï +  qï)2 +
Rl(Po-pd2H q o -q ù 2Y

l(pi + q ! )-(p 2o + q2o)T  '
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Using the notation: u2 =  Po +  tfo> *>2 =  Pi+Q2* w2 =  PoPi +  tfo2o we have the angle 
eikonal in the form

]o.
2

T =  z , - z 0 + ^ u 2 - ^ V -
R(u2 +  v2 — 2w2) zt 

v2-u2 + 8
^  _Ziv 4 +  K(u2 + 1?2 -  2w2)2

(u2 —u2)3

The comments on angle characteristic of the curved holographic optical element are 
presented here. This observation includes another point of view of eikonal 
derivation, and we have the impression that it requires and further discussion.
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